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We have investigated the gauge dependence of the vacuum expectation value(VEV) both in the
Rξ and the Rξ gauge in the MS scheme. We have found that, in case of the Rξ gauge, the gauge
dependence of the VEV should be modified due to the presence of the parameter in the gauge
function that should be identified as a VEV in the broken symmetry phase. However the pole mass
remains gauge independent.
PACS numbers: 11.15.Bt, 12.38.Bx
In case of the gauge theories where the gauge symmetry is broken spontaneously, the Lagrangian density in the
broken symmetry phase LBS is given from the one in the symmetric phase (LSYM ) as
LBS(H, v) = [LSYM (Φ)]Φ=H+v , (1)
where v is the vacuum expectation value(VEV). Then mixing term between the gauge boson and the Goldstone
boson emerges in the quadratic part of the Lagrangian in the broken symmetry phase which can complicate the
perturbation calculations for the physical processes and in order to remove this mixing term, the Rξ gauge[1] is used
usually. However, in the broken symmetry phase, the following properties were taken for granted.
(i)The gamma function of the VEV is same as that of the Higgs field(γv = γφ).
(ii) ξ ∂v
∂ξ
= Cξ(v) where Cξ(v) is the function given by Nielsen[2].
(iii)The effective potential V (φ) at φ = v and the pole mass is gauge independent.
Recently, the renormalization properties of the VEV in case of the Rξ gauge were investigated[3][4] in the minimal
renormalization(MS) scheme. It was shown that the gamma function of the VEV(γv) have an additional contributions
originating from the additive renormalization of the scalar field and as a result, was found to be different from that
of the scalar field(γφ) in Rξ gauge and the property(i) does not hold in this gauge. In this paper, we investigate the
property (ii) and (iii) in case of broken phase of both the Rξ gauge and the Rξ gauge[5] which also remove the mixing
terms in the quadratic part of the Lagrangian. Recently it was shown that the VEV obtained from the one-loop
effective potential Rξ gauge satisfies the property(i)[6]. In order to see the difference between the Rξ and Rξ gauges,
let us consider the scalar electrodynamics with the Lagrangian density in the symmetric phase
LSYM (Φ1,Φ2, Aµ) =
1
4
FµνFµν +
1
2
(∂µΦ1 + gAµΦ2)
2 +
1
2
(∂µΦ2 − gAµΦ1)
2 +
1
2
m2(Φ21 +Φ
2
2) +
λ
24
(Φ21 +Φ
2
2)
2
+
1
2ξ
f(Φ1,Φ2, Aµ)
2 + c
δf(Aθµ,Φ
θ
2)
δθ
c+ counter terms, (2)
where
Fµν = ∂µAν − ∂υAµ.
LSYM (Φ1,Φ2, Aµ) has the local O(2) symmetry is given by
δθAµ = ∂µθ, δθΦ1 = θΦ2, δθΦ2 = −θΦ1, (3)
except the gauge-fixing function f(Aµ,Φ) and the resulting ghost term c
δf(Aθµ,Φ
θ
2
)
δθ
c. When m2 becomes negative,Φ1
develops a VEV and the Lagrangian density in the broken phase can be obtained by substituting Φ1 with H+v where
H is the Higgs field having a vanishing VEV. As a result, mixing terms −gvAµ∂µΦ2 emerges which can complicate
the perturbation calculations for the physical processes. In the case of the Rξ gauge, f(Φ1,Φ2, Aµ) is given by
f(Φ1,Φ2, Aµ) = ∂µAµ − ξgΦ1Φ2, (4)
in the symmetric phase and when we replace Φ1 by H + v in the broken symmetric phase, mixing terms −gvΦ2∂µAµ
emerges which can remove the above mixing term. In case of the Rξ gauge, f(Φ1,Φ2, Aµ) is given by
f(Φ1,Φ2, Aµ) = ∂µAµ − ξguΦ2, (5)
2in the symmetric phase and in the broken symmetry phase, we should choose u = v besides replacing Φ1 by H + v
in order to remove the mixing term −gvAµ∂µΦ2. This means that in case of the Rξ gauge, the parameter u in the
symmetric phase of the Lagrangian should be identified as VEV in the broken symmetry phase and hence we will
consider these two cases separately.
A. Gauge fixing with no parameter in the symmetric phase related to VEV ( Rξ gauge)
Let us first consider the case of the Rξ gauge where no parameter of the Lagrangian in the symmetric phase is
related to the VEV. Then the VEV is obtained from the renormalized effective potential of the symmetric phase
(VSYM ) as [
∂VSYM (φ)
∂φ
]
φ=v
= 0. (6)
The renormalized effective potential of the symmetric phase (VSYM ) satisfy the renormalization group(RG) equation
as[7]
DVSYM + γφφ
∂VSYM
∂φ
= 0, (7)
where
D = µ
∂
∂µ
+ βg
∂
∂g
+ βλ
∂
∂λ
+ βm2
∂
∂m2
+ βξ
∂
∂ξ
. (8)
Then by applying the operator D to Eq.(6) and by using Eq.(7), we obtain
0 = D
[
∂VSYM
∂φ
]
φ=v
=
[
D
∂VSYM (φ)
∂φ
]
φ=v
+ (Dv)
[
∂2VSYM (φ)
∂φ2
]
φ=v
= −γφ
[
∂VSYM (φ)
∂φ
+ φ
∂2VSYM (φ)
∂φ2
]
φ=v
+ (Dv)
[
∂2VSYM (φ)
∂φ2
]
φ=v
= (Dv − γφv)
[
∂2VSYM (φ)
∂φ2
]
φ=v
, (9)
and as a result we obtain[8]
Dv = γφv. (10)
This shows that when the Lagrangian in the symmetric phase (LSYM ) is related to the VEV, it follows that γv = γφ.
Now, consider the Nielsen identity[2] in case of the symmetric phase of the gauge theory given by
ξ
∂VSYM (φ)
∂ξ
+ Cξ(φ)
∂VSYM (φ)
∂φ
= 0. (11)
Then, by applying ξ ∂
∂ξ
to Eq.(6) and by using Eq.(11), we obtain
0 = ξ
∂
∂ξ
[
∂VSYM (φ)
∂φ
]
φ=v
= −
[
∂Cξ(φ)
∂φ
∂VSYM (φ)
∂φ
+ Cξ(φ)
∂2VSYM (φ)
∂φ2
]
φ=v
+ ξ
∂v
∂ξ
[
∂2VSYM (φ)
∂φ2
]
φ=v
= (ξ
∂v
∂ξ
− Cξ(v))
[
∂2VSYM (φ)
∂φ2
]
φ=v
, (12)
and as a result we obtain[9]
ξ
∂v
∂ξ
= Cξ(v). (13)
By using Eq.(11) and (13), we can see the well known that the effective potential is gauge independent at φ = v as
ξ
d
dξ
V (v) = ξ
∂v
∂ξ
∂V (v)
∂v
− Cξ(v)
∂V (v)
∂v
= 0. (14)
3Now, by applying ξ ∂
∂ξ
to the equation that defines the pole mass M2 as
[
∂2ΓSYM
∂φ2
]
φ=v, p2=−M2
= 0, (15)
where ΓSYM is the effective action in the symmetric phase and by using Eq.(11), we obtain
0 = ξ
∂
∂ξ
[
∂2ΓSYM
∂φ2
]
φ=v, p2=−M2
= ξ
∂v
∂ξ
[
∂3ΓSYM
∂φ3
]
φ=v, p2=−M2
+ ξ
∂M2
∂ξ
[
∂3ΓSYM
∂φ2∂(p2)
]
φ=v, p2=−M2
−
[
∂2Cξ(φ)
∂φ2
∂ΓSYM
∂φ
+ 2
∂Cξ(φ)
∂φ
∂2ΓSYM
∂φ2
+ Cξ(φ)
∂3ΓSYM
∂φ3
]
φ=v, p2=−M2
. (16)
By using Eqs.(6),(13) and (15), we can see that only the second term of the first line survives in Eq.(16) and as a
result, we obtain the gauge independence of the pole mass[2][9]
ξ
∂M2
∂ξ
= 0, (17)
which has been verified explicitly up to two-loop order in case of the Rξ gauge in Ref.[5].
B. Gauge fixing with a parameter in the symmetric phase related to VEV(Rξ gauge)
In order to see the changes in the Rξ gauge, let us first note that since ξ, u are gauge parameters in the symmetric
phase the corresponding Nielsen identities are given as[10]
x
∂VSYM
∂x
+ Cx(φ)
∂VSY M
∂φ
= 0 (x = ξ, u). (18)
As explained below Eq.(5), we should take the gauge parameter u as VEV in the broken symmetry phase in order
to remove the cross terms in the quadratic Lagrangian and as a result the effective potential in the broken symmetry
phase VBS is given by
VBS(h, v) = [VSYM (φ, u)]u=v,φ=h+v . (19)
Then the minimum condition for the VEV becomes
0 =
[
∂VBS(h, v)
∂v
]
h=0
=
[
∂VSYM
∂φ
+
∂VSYM
∂u
]
φ=u=v
= (1−
Cu(v)
u
)
[
∂VSYM
∂φ
]
φ=u=v
= 0, (20)
which gives the same condition as given in Eq.(6). In applying the RG operator D to the minimum condition for the
VEV, note that the RG function for φ in MS scheme in the Rξ gauge is different from the usual one and have an
inhomogeneous term coming from the tadpole diagrams generated from the ξguΦ2∂µAµ term of the Rξ gauge[11]. In
order to see this, consider the one-loop effective potential in the symmetric phase is given by[6][9][11]
V1 = −
h¯
2
Tr lnD−1H −
h¯
2
Tr lnD−1G −
h¯
2
Tr lnX−1 + h¯T r lnD−1g , (21)
where
D−1H = p
2 +m2H , (22)
D−1G = p
2 +m2G + ξg
2u2, (23)
X−1µν = (p
2 +m2A)(δµν −
pµpν
p2
) +
D(p2)
m2G + ξm
2
A
pµpν
ξp2
, (24)
and
D−1g = p
2 +m2g, (25)
4D(p2) = p4 + (m2G + 2ξgumA)p
2 + ξm2A(m
2
G + ξg
2u2) ≡ (p2 +m2+)(p
2 +m2
−
), (26)
with
m2H = m
2 +
λ
2
φ2,m2G = m
2 +
λ
6
φ2, mA = gφ, m
2
g = ξgumA. (27)
By performing the one-loop momentum integral in D ≡ 4− 2ε dimension[12], we obtain the 1
ε
divergence as
V1,div =
h¯
16pi2ε
{
1
4
m4H +
1
4
m4+ +
1
4
m4
−
+
3
4
m2A −
1
2
m4g}. (28)
The m4++m
4
−
term in Eq.(28) contains the φ and φ3 term which arises due to the tadpole diagrams mentioned above.
Since these terms were absent in the tree Lagrangian and hence can not be removed solely from the multiplicative
renormalization, and we should choose
φB =
√
Zφ(φ+ u Zu), (29)
which gives the RG function of the form
µ
∂φ
∂µ
= γφφ+ δ u. (30)
From Eq.(28), one can check that Zu =
1
16pi2εξg
2 and by noting that µ ∂g
∂µ
= −εg + ... , we have δ = 18pi2 ξg
2 at one
loop order. Then the general form of the RG equation in Rξ gauge can be written as
DVSYM + u γu
∂VSYM
∂u
+ (γφφ+ δ u)
∂VSYM
∂φ
= DVSYM + (γφφ+ δ u− Cuγu)
∂VSYM
∂φ
= 0, (31)
where D is given in Eq.(8) and we have used Eq.(18) to obtain the second line of above equation.
When we apply the operator D to the minimum condition as in Eq.(6), we should note the fact that VEV comes
out not only from φ but also from u so that
0 = D
[
∂VSYM
∂φ
]
φ=u=v
=
[
D
∂VSYM
∂φ
]
φ=u=v
+ (Dv)
[
∂2VSYM
∂φ2
+
∂2VSYM
∂u∂φ
]
φ=u=v
= −
[
γφ
∂VSYM
∂φ
+ (γφφ+ δ u− Cuγu)
∂2VSYM
∂φ2
]
φ=u=v
+ (Dv)
[
∂2VSYM
∂φ2
+
∂2VSYM
∂u∂φ
]
φ=u=v
. (32)
Then, by using Eq.(20) and x = u case of Eq.(18), we obtain
[
∂2VSYM
∂u∂φ
]
φ=u=v
= −
Cu(v)
v
[
∂2VSYM
∂φ2
]
φ=u=v
, (33)
and from Eq.(32) we obtain
Dv =
(γφ + δ)v − Cu(v)γu
1− Cu(v)/v
. (34)
As γφ, δ, Cu and γu are one-loop quantities, the resulting one-loop terms in the above equation are (γφ + δ)v and
by noting that γφ =
1
16pi2 (3 − ξ)g
2[13][14] and with the result δ = 18pi2 ξg
2 given above, we can see that this agrees
with[3][4]. Beyond the two loop order, our result of Dv will be different from [3][4] due to the Cu(v) dependent
terms. Now, let us consider the gauge dependence of the VEV in Rξ gauge. By applying ξ
∂
∂ξ
to Eq.(6) which is same
condition as (20) and by using Eq.(18) and Eq.(33), we obtain
ξ
∂
∂ξ
[
∂VSYM (φ)
∂φ
]
φ=u=v
= −
[
∂Cξ(φ)
∂φ
∂VSYM (φ)
∂φ
+ Cξ(φ)
∂2VSYM (φ)
∂φ2
]
φ=u=v
+ ξ
∂v
∂ξ
[
∂2VSYM (φ)
∂φ2
+
∂2VSYM (φ)
∂φ ∂u
]
φ=u=v
= −Cξ(v)
[
∂2VSYM (φ)
∂φ2
]
φ=u=v
+ ξ
∂v
∂ξ
(1− Cu(v)/v)
[
∂2VSYM (φ)
∂φ2
]
φ=u=v
= 0, (35)
5from which we obtain
ξ
∂v
∂ξ
=
Cξ(v)
1− Cu(v)/v
. (36)
so that the gauge dependence of the VEV is different from that of Rξ gauge given in Eq.(13). Since the Cu(v)
dependent terms emerges from the one loop, the result of Eq.(36) will be different from the property(ii) beyond the
two loop order. The total derivative of the effective potential V (φ) at φ = v with respect to ξ becomes
ξ
d
dξ
VBS(v) = ξ
∂v
∂ξ
[
∂VSYM
∂φ
+
∂VSYM
∂u
]
φ=u=v
− Cξ(v)
[
∂VSYM
∂φ
]
φ=u=v
= 0. (37)
By using x = u case of Eq.(18) and Eq.(20), we can see that the effective potential is gauge independent when φ = v
as in case of Rξ gauge.
The gauge dependence of the VEV played an important role in showing the gauge independence of the pole mass
in case of the Rξ and since it has changed as in Eq.(36) in case of the Rξ gauge, it will be necessarily to investigate
whether the pole mass remains gauge independent in this case. It was shown that the one-loop pole mass is gauge
invariant in Rξ gauge Ref.[9,10,15] and let us consider the problem of the gauge independence of the higher order pole
mass in the broken symmetry phase of the Rξ gauge. By applying ξ
∂
∂ξ
to the defining equation of the pole mass in
the broken symmetry phase as in Eq.(16) and by using Eqs.(6),(15) and (36), we obtain
0 = ξ
∂
∂ξ
[
∂2ΓSYM
∂φ2
]
φ=u=v, p2=−M2
= ξ
∂v
∂ξ
[
∂3ΓSYM
∂φ3
+
∂3ΓSYM
∂φ2∂u
]
φ=u=v, p2=−M2
+ ξ
∂M2
∂ξ
[
∂3ΓSYM
∂φ2∂(p2)
]
φ=u=v, p2=−M2
−
[
∂2Cξ(φ)
∂φ2
∂ΓSYM
∂φ
+ 2
∂Cξ(φ)
∂φ
∂2ΓSYM
∂φ2
+ Cξ(φ)
∂3ΓSYM
∂φ3
]
φ=u=v, p2=−M2
= ξ
∂v
∂ξ
[
∂3ΓSYM
∂φ3
−
1
u
(
∂2Cu(φ)
∂φ2
∂ΓSYM
∂φ
+ 2
∂Cu(φ)
∂φ
∂2ΓSYM
∂φ2
+ Cu(φ)
∂3ΓSYM
∂φ3
)
]
+ ξ
∂M2
∂ξ
[
∂3ΓSYM
∂φ2∂(p2)
]
φ=u=v, p2=−M2
−
[
∂2Cξ(φ)
∂φ2
∂ΓSYM
∂φ
+ 2
∂Cξ(φ)
∂φ
∂2ΓSYM
∂φ2
+ Cξ(φ)
∂3ΓSYM
∂φ3
]
φ=u=v, p2=−M2
= ξ
∂v
∂ξ
(1−
Cu(v)
v
)
[
∂3ΓSYM
∂φ3
]
φ=u=v, p2=−M2
+ ξ
∂M2
∂ξ
[
∂3ΓSYM
∂φ2∂(p2)
]
φ=u=v, p2=−M2
− Cξ(v)
[
∂3ΓSYM
∂φ3
]
φ=u=v, p2=−M2
.(38)
By using Eq.(36), we can see that ξ ∂M
2
∂ξ
vanishes and hence pole mass is a gauge independent in broken symmetry
phase of the Rξ gauge.
In conclusion, we have investigated the difference in choice of the gauge whether the Lagrangian density have
parameter that has any relation to the VEV in the MS scheme. In case of the Rξ gauge where the Lagrangian density
do not have parameter which has a relation to the VEV, the gamma function of VEV is same as that of the Higgs field
and the pole mass is gauge independent. In case of the broken symmetry phase of the Rξ gauge, the gamma function
of the VEV is different from that of the Higgs field due to the presence of the parameter in the gauge function that
should be identified as a VEV in the broken symmetry phase. Although this was known previously[3][4], our result
is different from their results beyond the two loop order. The gauge parameter dependence of the VEV also needs
modification from the property(ii) . However the pole mass remains gauge independent.
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